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LINEAR DRIFT AND ENTROPY FOR REGULAR COVERS
FRANC¸OIS LEDRAPPIER
Abstract. We consider a regular Riemannian cover fM of a compact Rie-
mannian manifold. The linear drift ℓ and the Kaimanovich entropy h are
geometric invariants defined by asymptotic properties of the Brownian motion
on fM . We show that ℓ2 ≤ h.
1 Let π : M˜ → M be a regular Riemannian cover of a compact manifold: M˜ is
a Riemannian manifold and there is a discrete group G of isometries of M˜ acting
freely and such that the quotient M = G \ M˜ is a compact manifold. The quotient
metric makes M a compact Riemannian manifold.
We consider the Laplacian ∆ on M˜ , the corresponding heat kernel p˜(t, x˜, y˜) and
the associated Brownian motion X˜t, t ≥ 0.The following quantities were introduced
by Guivarc’h [Gu] and Kaimanovich [K1], respectively, as almost everywhere limits
on the space of trajectories of the Brownian motion X˜:
• the linear drift ℓ := limt→∞ 1t dfM (X˜0, X˜t).
• the entropy h := limt→∞− 1t ln p˜(t, X˜0, X˜t).
In this note we prove the following
Theorem A. Let π : M˜ → M be a regular Riemannian cover of a compact
manifold. With the above notations, we have:
(1) ℓ2 ≤ h.
In the case when M˜ is the universal covering of a compact manifold with negative
curvature, inequality (1) is due to V. Kaimanovich ([K1]). Moreover in that case,
there is equality in (1) if, and only if, the manifold M˜ is a symmetric space of
negative curvature (se the discussion below in section 1). For a general cover, it
follows from (1) that, whenever h = 0 (which is equivalent to the Liouville property
of M˜ [D], [KV]), then ℓ = 0. This was shown in [KL1] by using discretization of
the Brownian motion and a qualitative result for random walks. Indeed, similar
quantities can be defined for a symmetric random walk on a finitely generated group,
where the distance on the group is the word distance. A precise result similar to
(1) is not known for discrete random walks. There are estimates for symmetric
random walks with finite support ([Va]) or finite second moment ([EK]).
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Let v be the volume entropy of M˜
v = lim
R→∞
ln vol(BfM (x0, R))
lnR
,
where BfM (x0, R) is the ball of radius R in M˜ about a given point x0 and vol is the
Riemannian volume. It holds: h ≤ ℓv ( [Gu]).
Corollary 0.1. Let π : M˜ → M be a regular Riemannian cover of a compact
manifold. With the above notations, ℓ ≤ v and h ≤ v2. Either equality ℓ = v, h = v2
implies equality in (1).
Let λ be the bottom of the spectrum of the Laplacian on M˜ :
λ := inf
f∈C2
K
(fM)
∫
fM
‖∇f‖2∫
fM
f2
.
Clearly (by considering C2K approximations to the functions e
−sd(xo,.) for s > v/2),
we have 4λ ≤ v2. It can be shown that 4λ ≤ h ([L1], Proposition 3). Therefore,
Corollary 0.2. Let π : M˜ → M be a regular Riemannian cover of a compact
manifold. With the above notations, equality 4λ = v2 implies equality in (1).
Our proof of (1) is based on the construction of a compact bundle space XM
overM which is laminated by spaces modeled on M˜ and of a laminated Laplacian.
In the case when M has negative curvature and M˜ is the universal cover of M , the
bundle space contains the unit tangent bundle T 1M and the lamination on T 1M
is the weak stable foliation of the geodesic flow. The foliated Laplacian and the
associated harmonic measure are useful tools for the geometry and the dynamics
of the geodesic flow (see [Ga], [K1], [L2], [Y], [H]). In Section 1, we construct the
lamination in the general case and state the properties of the harmonic measures
which lead to Theorem A. The laminated Laplacian defines a laminated Brownian
motion, a diffusion on XM with the property that the trajectories remain in the
same leaf for all time. Section 2 describes this diffusion. The rest of the paper is
devoted to proving propositions 1.1 and 1.2.
1. The Busemann Lamination
We consider the Busemann compactification of the metric space M˜ : since the
space M˜ is a complete manifold, it is a proper metric space (closed bounded subsets
are compact). Fix a point x0 ∈ M˜ and define, for x ∈ M˜ the function ξx(z) on M˜
by:
ξx(z) = d(x, z)− d(x, x0).
The assignment x 7→ ξx is continuous, one-to-one and takes values in a relatively
compact set of functions for the topology of uniform convergence on compact subsets
of M˜ . The Busemann compactification M̂ of M˜ is the closure of M˜ for that
topology. The space M̂ is a compact separable space. The Busemann boundary
∂M˜ := M̂\M˜ is made of Lipschitz continuous functions ξ on M˜ such that ξ(x0) = 0.
Elements of ∂M˜ are called horofunctions. Observe that we may extend by continuity
the action of G from M˜ to M̂ , in such a way that for ξ in M̂ and g in G,
g.ξ(z) = ξ(g−1z)− ξ(g−1(x0)).
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We define now the horospheric suspension XM ofM as the quotient of the space
M˜ × M̂ by the diagonal action of G. The projection onto the first component in
M˜ × M̂ factors into a projection from XM to M so that the fibers are isometric to
M̂ . It is clear that the space XM is metric compact. If M0 ⊂ M˜ is a fundamental
domain for M , one can represent XM as M0 × M̂ in a natural way.
To each point ξ ∈ M̂ is associated the projection Wξ of M˜ ×{ξ}. As a subgroup
of G, the stabilizer Gξ of the point ξ acts discretely on M˜ and the space Wξ
is homeomorphic to the quotient of M˜ by Gξ. We put on each Wξ the smooth
structure and the metric inherited from M˜ . The manifold Wξ and its metric vary
continuously on XM . The collection of all Wξ, ξ ∈ M̂ form a continuous lamination
WM with leaves which are manifolds locally modeled on M˜ . In particular, it makes
sense to differentiate along the leaves of the lamination and we denote ∆W the
laminated Laplace operator acting on functions which are smooth along the leaves
of the lamination. A Borel measure on XM is called harmonic if it satisfies, for all
f for which it makes sense, ∫
∆Wfdm = 0.
By [Ga], there exist harmonic measures and the set of harmonic probability mea-
sures is a weak* compact set of measures on XM . Moreover, if m is a harmonic
measure and m˜ is the G-invariant measure which extendsm on M˜×M̂ , then ([Ga]),
there is a finite measure ν on M̂ and, for ν-almost every ξ, a positive harmonic
function kξ(x) with kξ(x0) = 1 such that the measure m can be written as;
m˜ = kξ(x)(dx × ν(dξ)).
The harmonic probability measure m is called ergodic if it is extremal among
harmonic probability measures. In that case, for ν-almost every ξ, the following
limits exist along almost every trajectory of the Brownian motion (see [K2] and
section 3 below):
• the linear drift of m ℓ(m) := limt→∞ 1t ξ(X˜t).
• the transverse entropy k(m) := limt→∞− 1t ln kξ(X˜t).
The proof of Theorem A reduces to the three following results;
Proposition 1.1. With the above notations, there exists an ergodic harmonic mea-
sure such that ℓ(m) = ℓ.
Proposition 1.2. For all harmonic measure m, we have ℓ2(m) ≤ k(m) with equal-
ity only if the harmonic functions kξ are such that ∇W ln kξ = −ℓ(m)∇Wξ m-almost
everywhere.
Proposition 1.3. For all ergodic harmonic measure m, we have k(m) ≤ h.
The proof of Proposition 1.1 is an extension of the proof of the Furstenberg
formula in [KL2] and is given in section 4. Kaimanovich ([K1]) proved Proposition
1.2 under the hypothesis that the horofunctions are of class C2 by applying Itoˆ’s
formula to the function ξ. In the general case, horofunctions are only uniformly
1-Lipschitz, but the integrated formulas of [K1] are still valid (see Section 3). See
[K2] and Section 3 for Proposition 1.3.
Assume that M˜ is the universal cover of a negatively curved compact manifold
M . Then, M˜ is homeomorphic to an open ball and the Busemann compactification
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is homeomorphic to the closure of the ball. In particular, for all x ∈ M˜ , the
Busemann boundary is homeomorphic to the unit sphere in the tangent space TxM˜ :
a unit vector v defines a unique geodesic σv(t) such that σv(0) = x, σ˙v(0) = v.
As t → ∞, ξσv(t) converges in M̂ towards the Busemann function ξσv(+∞) and
v 7→ ξσv(+∞) defines the homeomorphism between T 1xM˜ and ∂M˜ . In particular,
∂M˜ is a closed G-invariant subset of M̂ . We can identify M˜ × ∂M˜ with the unit
tangent bundle T 1M˜ . The induced action of G is the natural differential action
on T 1M˜ . The quotient T 1M is therefore identified with a closed subset of XM .
For ξ ∈ ∂M˜ , unit vectors v such that σv(+∞) = ξ form a stable manifold for
the geodesic flow. The lamination W in T 1M is the usual stable lamination of
the geodesic flow. In this case, there is a unique harmonic probability measure m
(see [Ga], [L2], [Y]; the proof shows that any harmonic measure on XM has to be
carried by (M˜ × ∂M˜)/G) and the support of the harmonic measure is the whole
(M˜ × ∂M˜)/G (see [A], [S]; by compactness, the curvature is pinched betwen two
negative constants). Proposition 1.1 (i.e. ℓ(m) = ℓ) and 1.2 are due to Kaimanovich
([K1]). By Proposition 1.2, if we have equality in (1), then the Busemann functions
are such that ∆ξ is a constant, the manifold M˜ is asymptotically harmonic. It
follows then from the combined works of Y. Benoist, G.Besson, G. Courtois, P.
Foulon, S. Gallot and F. Labourie ([FL], [BFL], [BCG]) that the manifold M˜ is a
symmetric space.
2. Laminated Brownian motion
The operator ∆W is Markovian (∆W1 = 0) and in this section, we construct the
corresponding diffusion on XM . As we detail now, this diffusion is derived from the
Brownian motion on M˜ .
We define subspaces of trajectories in C(R+,M), C(R+, M˜), CcM (R+, M˜ × M̂)
and C(R+,WM ) and natural identifications: C(R+,M), C(R+, M˜) are the spaces
of continuous functions from R+ into respectively M and M˜ with the natural pro-
jection from C(R+, M˜) to C(R+,M); the space CcM (R+, M˜ × M̂) is the space of
continuous functions from R+ into M˜×M̂ which are constant on the second compo-
nent, with the forgetful projection from CcM (R+, M˜ × M̂) to C(R+, M˜); the group
G acts on CcM (R+, M˜ × M̂) by postcomposition; the quotient space of G-orbits
in CcM (R+, M˜ × M̂) is the space C(R+,WM ), with the natural projection from
CcM (R+, M˜ × M̂) to C(R+,WM ). Elements of C(R+,WM ) can be seen as trajec-
tories on XM which are included in a single leaf of the laminationW . Translations
over R+ act by precomposition on all our spaces of trajectories and the translation
by t will be denoted σt on each of them.
The operator ∆ is uniformly elliptic on M˜ . The fundamental solution of the equa-
tion
∂u
∂t
= ∆u is the heat kernel p˜(t, x˜, y˜). There is a unique family of probabilities
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P˜x, x ∈ M˜, on C(R+, M˜) such that {ω(t), t ∈ R+} is a Markov process with genera-
tor ∆. This means for example that we have for fj ∈ Cc(M˜), j = 0, 1, 2, 0 < s1 < s2,∫
f0(ω(0))f1(ω(s1))f2(ω(s2))dP˜x
=
∫
f0(x)f1(y1)f2(y2)p˜(s1, x, y1)p˜(s2 − s1, y1, y2)dy1dy2.
The family of measures P˜x, x ∈ M˜ defines the Brownian motion on M˜ . See e.g.
[P] Chapter 4.8 for the following:
Proposition 2.1. Let m˜ a locally finite positive measure on M˜ . The following
properties are equivalent:
the measure m˜ satisfies, for all f ∈ C2c (M˜),
∫
∆fdm˜ = 0,
the measure m˜ is of the form k(y)dy where k is a positive harmonic function,
the measure m˜ is p˜ invariant, i.e. for all t > 0, all f ∈ C2c (M˜),∫
fM
(∫
fM
f(y)p˜(t, x, y)dy
)
dm˜(x) =
∫
fM
f(x)dm˜(x),
the measure P˜em :=
∫
fM
P˜xdm˜(x) on C(R+, M˜) is σ-invariant.
By uniqueness, the family of measures P˜x is G-equivariant and projects as a
family of measures Px, x ∈M on C(R+,M) which defines the Brownian motion on
M , with the same properties as above. In particular, the heat kernel p(u, x, y) on
M is given by
p(u, x, y) =
∑
g∈G
p˜(u, x˜, gy˜),
where x˜, y˜ are lifts in M˜ of the points x, y inM . The Lebesgue probability measure
Leb := 1volM vol on M satisfies for all f ∈ C2(M),
∫
∆fdLeb = 0 and for all t > 0,∫
M
(∫
M f(y)p(t, x, y)dy
)
dLeb(x) =
∫
M f(x)dLeb(x). Moreover, the probability
measure P =
∫
M PxdLeb(x) is invariant under the time shift σ. The probability
Leb is the only one with any of those properties. Indeed, by Proposition 2.1, the
G-invariant lift of such a measure m to M˜ has to be of the form k(y)dvol(y) where
k is a G-invariant positive harmonic function, and G-invariant positive harmonic
functions on M˜ are lifts of positive harmonic functions on the compact manifold
M and are therefore constant.
Let ξ0 be a point in M̂ . There is a one-to-one correspondence between the set of
trajectories in CcM (R+, M˜ × M̂) satisfying ξ(0) = ξ0 (and therefore ξ(t) = ξ0 for all
t) and C(R+, M˜). For all x ∈ M˜ , the measure P˜x defines a measure Q˜x,ξ0 on the set
of trajectories in CcM (R+, M˜×M̂) satisfying (ω(0), ξ(0)) = (x, ξ0). The family Q˜x,ξ
describes the Brownian motion along the leaves of the trivial fibration of M˜ × M̂
into M˜×{ξ}’s. In particular q˜(u, (x, ξ), (y, η)) = p˜(u, x, y)δξ(η) is the Markov kernel
of the diffusion with law Q˜x,ξ and we may write for fj ∈ Cc(M˜ × M̂), j = 0, 1, 2
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and 0 < s1 < s2,∫
f0(ω(0), ξ(0))f1(ω(s1), ξ(s1))f2(ω(s2), ξ(s2))dQ˜x,ξ
=
∫
f0(x, ξ)f1(y1, ξ)f2(y2, ξ)p˜(s1, x, y1)p˜(s2 − s1, y1, y2)dy1dy2.
Proposition 2.2. Let m˜ a locally finite positive measure on M˜×M̂ . The following
properties are equivalent:
the measure m˜ satisfies, for all f ∈ C2c (M˜ × M̂),
∫
∆xfdm˜ = 0,
the measure m˜ is of the form kξ(y)dy⊗ dν(ξ) where ν is a finite measure on M̂ ,
(x, ξ) 7→ kξ(x) is measurable and for ν almost all ξ, kξ(y) is a positive harmonic
function on M˜ ,
the measure m˜ is q˜ invariant, i.e. for all t > 0, all f ∈ C2c (M˜ × M̂),∫
fM×cM
(∫
fM
f(y, ξ)p˜(t, x, y)dy
)
dm˜(x, ξ) =
∫
fM×cM
f(x, ξ)dm˜(x, ξ),
the measure Q˜ em :=
∫
fM×cM Q˜x,ξdm˜(x, ξ) on CcM (R+, M˜ × M̂) is σ-invariant.
Proof. . It is clear that a measure of the form kξ(y)dy ⊗ dν(ξ) satisfies the other
properties. Conversely, since m˜ is locally finite, we can find a positive continuous
function b on M˜ × M̂ such that bm˜ is a finite measure. Write bm˜ as ∫cM m˜ξdν(ξ)
for a finite measure ν on M̂ and a measurable family ξ 7→ m˜ξ of probabilities on
M˜ . Then, for ν almost every ξ, Proposition 2.1 applies to the measure b−1m˜ξ. 
In this paper, we normalize ν and the kξs by choosing kξ(x0) = 1.
Finally, the family of measures Q˜x,ξ is G equivariant, and defines a family
Qw, w ∈ XM of measures on C(R+,WM ). The family Qw describes the laminated
Brownian motion. By construction, all trajectories of the laminated Brownian mo-
tion remain on the leaf of the initial point w(0). In the identification of XM with
M0×M̂ , the Markov transition probabilities q(t, (x, ξ), d(y, η)) of the diffusion with
law Qx,ξ are given by:
q(t, (x, ξ), d(y, η)) =
∑
g∈G
q˜(t, (x˜, ξ), g⋆d(y˜, η)) =
∑
g∈G
p˜(t, x˜, gy˜)dy˜δg−1ξ(η),
where x˜, y˜ are lifts in M˜ of the points x, y in M .
Proposition 2.3. There is a one-to-one correspondence between:
(1) harmonic probability measures m on XM ,
(2) G-invariant measures m˜ which satisfy the equivalent conditions of Proposi-
tion 2.2 and such that m˜(M0 × M̂) = 1,
(3) probability measures m on XM which projects on M onto the Lebesgue
probability measure and which can be written in local Φ(Dd × T ) charts
m =
∫
T
(∫
kt(x)dx
)
dν(t), where the function (x, t) 7→ kt(x) is measurable
and, for ν almost all t ∈ T , kt(x) is a positive harmonic function,
(4) probability measures m on XM which can be written in a M0 × M̂ repre-
sentation
m =
∫
M0
(∫
cM
dµx(ξ)
)
dLeb(x),
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where x 7→ µx is a measurable family of measures on M̂ with the same
negligible sets and such that for almost every ξ ∈ M̂ , kξ(x) := dµxdµx0 (ξ) is
obtained as the restriction to a fundamental domain of a positive harmonic
function on M˜ ,
(5) probability measures m on XM which are invariant under q: for all f ∈
C2(XM ), all t > 0, we have∫
XM
(∫
XM
f(y, η)q(t, (x, ξ), d(y, η)
)
dm((x, ξ)) =
∫
XM
fdm.
(6) probability measures m on XM such that Qm :=
∫
XM
Qwdm(w) is a σ-
invariant measure on C(R+,WM ).
Proof. Let m be a harmonic probability measure on XM . By writing the harmonic
equation for functions which are constant on the fibers, we see that the projection
of m onto M is a harmonic probability measure and thus is Leb. Write m˜ for the
unique G-invariant measure on M˜×M̂ such that the restriction to any fundamental
domain projects tom. The measure m˜ satisfies for all f ∈ C2c (M˜×M̂),
∫
∆xfdm˜ =
0. Conversely, the restriction of such a measure to (M0×M̂) is finite and harmonic.
This shows the equivalence of properties (1) and (2).
Moreover, by proposition 2.2, the measure m˜ is of the form kξ(y)dy⊗dν(ξ) where
ν is a finite measure on M̂ , (x, ξ) 7→ kξ(x) is measurable and for ν almost all ξ,
kξ(y) is a positive harmonic function on M˜ . When we restrict to the image of a
D
d × T chart, this gives the description of property (3). Conversely, assume that
m satisfies property (3). Using if necessary a partition of unity we may take the
function f in C2(XM ) with support inside the image of a Φ(D
d × T ) chart. Then:∫
∆Wfdm =
∫
T
(∫
∆xf(x, t)kt(x)dx
)
dν(t)
and the inner integral vanishes for all t ∈ T such that x 7→ kt(x) is a harmonic
function, that is, for almost every t.
Assume m satisfies property (3). Putting together the Dd × T charts into a
measurableM0×M̂ representation, we have a measure which projects on a measure
ν on M̂ and such that the conditional on M are proportional to kξ(x)dvol(x). In
other words, the measure m writes as m =
kξ(x)∫
M0
kξ(x)dx
dx ⊗ dν. Since we assume
that the projection onto M0 is Leb, we can write m =
∫
M0
(∫
cM
dµx(ξ)
)
dLeb(x),
where
µx(dξ) =
kξ(x)volM∫
M0
kξ(x)dx
dν(ξ).
We indeed have dµxdµy (ξ) =
kξ(x)
kξ(y)
. This shows that property (3) implies property (4).
The converse is proven analogously, by setting ν = µx0 .
Properties (5) and (6) are equivalent to (1) by general theory of diffusions with
a finite invariant measure. The point to check is that a σ-invariant measurable set
B in C(R+,WM ) is of the form x ∈ B0, where B0 is a Q-invariant subset of XM .
It follows from the Markov property that the set B has Qw measure 0 or 1 for
m-almost every w ∈ XM . Take B0 = {w : Qw(B) = 1}. 
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Proposition 2.3 is due to Garnett ([Ga]). We included a proof in the suspension
case for notational purposes. A harmonic measure is called ergodic harmonic if it
cannot be decomposed into a convex combination of other harmonic measures. By
proposition 2.3, an ergodic harmonic measure is also extremal for properties (5) and
(6) and therefore the time shift σt is ergodic on (C(R+,WM ), Qm). By proposition
2.3 a harmonic measure can be written, in a M0 × M̂ representation as∫
M
dµx(ξ)dLeb(x) where
dµx
dµy
(ξ) =
kξ(x)
kξ(y)
and kξ(x) is a positive harmonic function for ν(= µx0)-almost every ξ. In particular,
for f ∈ C2(XM ) with support in the interior of M0, we may write:∫
fdm =
∫
M0
∫
cM
f(x, ξ)dµx(ξ)dLeb(x)
=
∫
M0
(∫
cM
f(x, ξ)kξ(x)dLeb(x)
)
dν(ξ)
Integrating by parts the inner integral, the following formulas follow, for all f, g ∈
C2(XM ):∫
∆Wfdm = −
∫
〈∇Wf,∇W ln kξ〉dm = 0∫
g∆Wfdm = −
∫
〈∇Wf,∇Wg〉dm−
∫
g〈∇Wf,∇W ln kξ〉dm,
where∇Wg denotes the gradient of the function g along the leaves of the lamination
W and 〈, 〉 the leafwise scalar product. The second formula extends by approxima-
tion to vector fields Y which are C1 along the leaves and such that Y and divWY
are continuous:
(2)
∫
divWY dm = −
∫
〈Y,∇W ln kξ〉dm.
3. Asymptotics of harmonic measures
In this section, we state two formulas as Proposition 3.1 and 3.2. We deduce
from them Proposition 1.2 and, using Propositions 1.1 and 1.3, Theorem A.
Let m be an ergodic harmonic measure on XM . Recall that m can be written
as
∫
M0
kξ(x)dν(ξ)dLeb(x) for some positive harmonic function kξ(x) defined for ν-
almost every ξ. The probability measureQm is invariant and ergodic under the shift
on the space of trajectories C(R+,WM ). There are two natural additive functional
on C(R+,WM ) which are defined as G-invariant functionals on CcM (R+, M˜ × M̂):
the horospherical displacement
L(t, ω, ξ) := ξ(ω(t)) − ξ(ω(0))
and the harmonic kernel
K(t, ω, ξ) := ln
kξ(ω(0))
κξ(ω(t))
.
The functional K(t, ω, ξ) is defined for Qm-almost every (ω, ξ), but for all t ≥ 0.
We have L(t+ s, ω, ξ) = L(t, ω, ξ) +L(s, σt(ω, ξ)) and, for Qm-almost every (ω, ξ),
K(t+ s, ω, ξ) = K(t, ω, ξ) +K(s, σt(ω, ξ)).
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By the ergodic theorem, the two following limits exist Qm-almost everywhere
and are constant Qm-almost everywhere:
ℓ(m) := lim
T→∞
1
T
L(T, ω, ξ) and k(m) := lim
T→∞
1
T
K(T, ω, ξ).
By our description of the measure Qm in Section 2, for ν-almost every ξ, the
numbers ℓ(m) and k(m) can also be seen as the limits along almost every trajectory
of the Brownian motion of respectively 1t ξ(X˜t) and − 1t ln kξ(X˜t). This is the way
they were introduced in Section 1. In particular, since the functions ξ are Lipschitz,
for all ergodic harmonic measure m,
(3) ℓ(m) ≤ ℓ.
The analogous result k(m) ≤ h is Proposition 1.3. Kaimanovich introduced in [K2]
the reverse entropy of an ergodic harmonic measure as the number h′(m) such that,
for Qm-almost every trajectory in C(R+, M˜),
h′(m) = lim
t→∞
−1
t
ln
(
p˜(t, ω(0), ω(t)
kξ(ω(0))
kξ(ω(t))
)
.
Clearly, h′(m) = h − k(m). Proposition 1.3 follows from the observation that the
number h′(m) is nonnegative, since it can be seen as the entropy of a conditional
process (see [K1], section 4)).
Observe that, by σ-invariance and ergodicity, for all τ > 0, we have:
ℓ(m) =
1
τ
∫ (
L(τ, ω, ξ)
)
dQm k(m) =
1
τ
∫ (
K(τ, ω, ξ)
)
dQm.
For a non-ergodic harmonic measure, we define ℓ(m) and k(m) by these formulas.
We have:
Proposition 3.1. Let m be a harmonic measure. Then:
k(m) =
∫
XM
‖∇W ln kξ‖2dm.
Proposition 3.2. Let m be a harmonic measure. Then:
ℓ(m) = −
∫
XM
〈Zξ,∇W ln kξ〉dm,
where the vector field Zξ is defined m-almost everywhere by Zξ := ∇Wξ.
Recall that ξ is defined as the uniform limit of difference of distances. It follows
that ξ is 1-Lipschitz and by Rademacher Theorem, ∇ξ is defined Lebesgue-almost
everywhere on M˜ . Since m is harmonic, its conditional on the leaves of W are
absolutely continuous, and Zξ := ∇Wξ is defined m-almost everywhere. Moreover,
‖Zξ‖ ≤ 1 m-almost everywhere. Schwarz inequality, Propositions 3.1 and 3.2 yield
that, for any harmonic measure m,
ℓ2(m) =
∣∣∣∣∫
XM
〈Zξ,∇W ln kξ〉dm
∣∣∣∣2 ≤ ∫
XM
|〈Zξ,∇W ln kξ〉|2dm
≤
∫
XM
‖∇W ln kξ‖2dm = k(m),
with equality only if ∇W ln kξ = −ℓ(m)Zξ m-almost everywhere. This proves
Proposition 1.2. We also have:
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Corollary 3.3. Let M˜ be a regular Riemannian cover of a compact manifold; then,
ℓ2 ≤ h.
If there is equality ℓ2 = h, then there is an ergodic harmonic measure m on XM
such that ln kξ(x) = −ℓξ(x) m-almost everywhere in the case ℓ > 0, kξ(x) = 1
m-almost everywhere in the case ℓ = 0.
Proof. By Proposition 1.2, for any harmonic measurem, ℓ2(m) ≤ k(m) with equal-
ity only if the harmonic functions kξ are such that, ∇W ln kξ(x) = −ℓ(m)∇Wξ(x)
for m-almost every (x, ξ). If ℓ(m) = 0, kξ is constant for ν-almost every ξ. If
ℓ(m) > 0, since both functions ln kξ and ξ vanish at x0, ln kξ = −ℓ(m)ξ for ν-
almost every ξ. All this applies to the measure m0 given by proposition 1.1 so
that:
ℓ2 = ℓ2(m0) ≤ k(m0) ≤ h,
with ℓ2 = h only if ℓ2(m0) = k(m0) = h and therefore ln kξ(x) = −ℓξ(x) m0-almost
everywhere in the case ℓ > 0, kξ(x) = 1 m0-almost everywhere in the case ℓ = 0.

Observe that in the case ℓ2 = h > 0, the harmonic measure given by Corollary 3.3
gives full measure to M˜ × ∂M˜/G because e−ℓd(x,z) cannot be a harmonic function
in z. In general the support of m is smaller than M˜ ×∂M˜/G: consider for instance
M˜ = H2 × H2. We have ℓ2 = h = 2. The space ∂M˜ can be parametrized by
(ξ1, ξ2, θ), where ξj ∈ ∂H2 for j = 1, 2 and θ is an angle in [0, π/4]; the horofunction
ξξ1,ξ2,θ is given by:
ξξ1,ξ2,θ(z1, z2) = cos θ ξ1(z1) + sin θ ξ2(z2).
The function e−
√
2ξ satisfies
∆e−
√
2ξξ1,ξ2,θ =
(
2−
√
2(cos θ + sin θ)
)
e−
√
2ξξ1,ξ2,θ .
This is a harmonic function only if θ = π/4. The support of the measurem given by
Corollary 3.3 is included in M˜π/4/G, where M˜π/4 := {(x, ξ);x ∈ M˜, ξ = (ξ1, ξ2, θ) ∈
∂M˜ and θ = π/4}. The discussion is similar for any symmetric space of non-positive
curvature which is not of negative curvature.
Theorem A is the first part of Corollary 3.3. When h = 0, Corollary 3.3 adds
that there is an ergodic measure m with kξ(x) = 1 m-almost everywhere: in terms
of Proposition 2.3 (3) the measurem is, in local charts, the product of the Lebesgue
measure on the leaves and some transverse holonomy-invariant measure ν. When
h > 0 and equality ℓ2 = h holds, one can conclude from Corollary 3.3 that (M̂, ν)
represents all bounded harmonic functions on M˜ (cf. [K1]).
It remains to prove Propositions 1.1, 3.1 and 3.2. Proposition 1.1 is proven in
Section 4. Proposition 3.1 is due to Kaimanovich. We give a proof in section 5,
because it follows the same computation as in the proof of Proposition 3.2 in Section
6.
4. Proof of Proposition 1.1
Let XM be a horospheric suspension as above. We construct the measure m by
a limiting procedure (compare [KL2], proof of Theorem 7). To define a measure
on XM , we usually describe it as a G-invariant measure on M˜ × M̂ . It will project
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onto M as Leb, and in particular, it will be a probability measure, as soon as it
projects onto M˜ as L˜eb := dxvol(M) . Set:
νt :=
∫
fM
(ξ∗(p˜(t, x, y)dy))
dx
vol(M)
,
where, for a measure µ on M˜ , ξ∗(µ) is the pushed-forward of µ by the mapping
ξ : M˜ → M̂. The measure νt is a G-invariant measure on M˜ × M̂ which projects
on L˜eb and we can write, for f ∈ Cc(M˜ × M̂),
∫
f(x, ξ)dνt(x, ξ) =
∫
f(x, ξy)p˜(t, x, y)
dxdy
vol(M)
.
We then form the measure
∫
q˜(s, ., .)dνt =
∫
q˜(s, (x, ξ), d(y, η))dνt(x, ξ).The mea-
sure
∫
q˜(s, ., .)dνt is a G-invariant measure on M˜ × M̂ which projects on L˜eb.
Observe that
∫
q˜(s, ., .)dνt = νt+s. Indeed, we may write, for f ∈ Cc(M˜ × M̂),
∫
fd
(∫
q˜(s, ., .)dνt
)
=
∫
f(y, η)q˜(s, (x, ξz), d(y, η))p˜(t, x, z)
dzdx
vol(M)
=
∫
f(y, ξz)p˜(s, x, y)p˜(t, x, z)
dydzdx
vol(M)
.
By the symmetry and the semigroup property of p˜,
∫
p˜(s, x, y)p˜(t, x, z)dx = p˜(t +
s, y, z) and we find, as claimed,
∫
fd
(∫
q˜(s, ., .)dνt
)
=
∫
f(y, ξz)p˜(t+ s, y, z)
dydz
vol(M)
=
∫
fdνt+s.
The set of measures on XM which project on Leb on M is a convex weak*
compact set of probability measures on XM . Any limit point of
1
T
∫ T
0 νtdt is a
harmonic measure. Indeed, by the above observation
1
T
∫ T
0
νtdt =
1
T
∫ T−1
0
∫
q˜(s, ., .)dν1ds+O(1/T ),
so that, if m0 = limk
1
Tk
∫ Tk
0 νtdt, we have
∫
q˜(1, ., .)dm0 = lim
k
(
1
Tk
∫ Tk−1
0
∫
q˜(s+ 1, ., .)dν1ds+O(1/Tk)
)
= m0.
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Take m0 such a limit. We choose a fundamental domain M0 for M and we
compute ℓ(m0):
τℓ(m0) =
=
∫ (
ξ(ω(τ)) − ξ(ω(0)))dQm
=
∫
M0×cM
(∫ (
ξ(y)− ξ(x))p˜(τ, x, y)dy) dm0(x, ξ)
= lim
k
1
Tk
∫ Tk
0
∫
M0×cM
(∫ (
ξ(y)− ξ(x))p˜(τ, x, y)dy) dνt(x, ξ)dt
= lim
k
1
Tk
∫ Tk
0
∫
M0×fM
(∫ (
ξz(y)− ξz(x)
)
p˜(τ, x, y)dy
)
p˜(t, x, z)
dxdz
vol(M)
dt
= lim
k
1
Tk
∫ Tk
0
∫
M0×fM×fM
(
d(z, y)− d(z, x))p˜(τ, x, y)p˜(t, x, z)dxdydz
vol(M)
dt
= lim
k
1
Tk
∫ Tk
0
( ∫
M0×fM×fM
d(z, y)p˜(τ, x, y)p˜(t, x, z)
dxdydz
vol(M)
−
∫
M0×fM×fM
d(z, x)p˜(τ, x, y)p˜(t, x, z)
dxdydz
vol(M)
)
dt
= lim
k
1
Tk
∫ Tk
0
( ∫
M0×fM
d(z, y)p˜(t+ τ, z, y)
dydz
vol(M)
−
∫
M0×fM
d(z, x)p˜(t, x, z)
dxdz
vol(M)
)
dt
= lim
k
1
Tk
∫ τ
0
(∫
M0×fM
d(x, z)p˜(Tk + t, x, z)
dxdz
vol(M)
)
dt
− lim
k
1
Tk
∫ τ
0
(∫
M0×fM
d(x, z)p˜(t, x, z)
dxdz
vol(M)
)
dt.
The last term goes to 0 as Tk → ∞. Recall that ℓ is defined by the subaddi-
tive ergodic theorem so that ℓ = lim
T→∞
1
T
∫
M0×fM
d(x, z)p˜(T, x, z)
dxdz
vol(M)
. We have
indeed τℓ(m0) = τℓ. The above measure m0 is not necessarily ergodic, but since
ℓ(m) ≤ ℓ for all harmonic measures and m 7→ ℓ(m) is linear, there are ergodic
measures m in the extremal decomposition of m0 which satisfy ℓ(m) = ℓ.
5. Proof of Proposition 3.1
Letm be a harmonic measure onXM . We have to show that k(m) =
∫
XM
‖∇W ln kξ‖2dm.
We compute:
τk(m) =
∫
ln
kξ(ω(0))
κξ(ω(τ))
dQm
=
∫
M0×cM
(∫
fM
p˜(τ, x, y)(ln kξ(x)− ln kξ(y))dy
)
dm(x, ξ)
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The inner integral is∫
fM
p˜(τ, x, y)(ln kξ(x) − ln kξ(y))dy =
=
∫
fM
∫ τ
0
∂
∂s
p˜(s, x, y)(ln kξ(x)− ln kξ(y))dsdy
=
∫
fM
∫ τ
0
∆y p˜(s, x, y)(ln kξ(x) − ln kξ(y))dsdy
= −
∫ τ
0
∫
fM
p˜(s, x, y)∆y ln kξ(y)dsdy
=
∫ τ
0
∫
fM
p˜(s, x, y)‖∇y ln kξ(y)‖2dsdy.
Observe that the function
ϕ(y, ξ) = ‖∇y ln kξ(y)‖2
is G-invariant on M˜ × M̂ . Therefore the integral∫
M0×cM
(∫
fM
p˜(s, x, y)ϕ(y, ξ)dy
)
dm(x, ξ)
is
∫
ϕ(ω(s), ξ(s))dQm. By invariance, we have, for all s > 0,∫
M0×cM
(∫
fM
p˜(s, x, y)ϕ(y, ξ)dy
)
dm(x, ξ) =
∫
‖∇y ln kξ(y)‖2dm
and the formula follows.
6. Proof of Proposition 3.2
Recall that the horofunctions are Lipschitz, so that Zξ = ∇Wξ exists almost
everywhere along the leaves and satisfies ‖Zξ‖2 ≤ 1 m-almost everywhere. In
particular the expression
∫
XM
〈Zξ,∇W ln kξ〉dm makes sense as soon as m has ab-
solutely continuous conditional measures along the leaves. In this section, we prove
that, if m is a harmonic measure, ℓ(m) = − ∫
XM
〈Zξ,∇W ln kξ〉dm.
We follow the same computation as in Section 5, except that, for technical reasons
we choose ε > 0 and write:
τℓ(m) =
∫ (
L(ε+ τ, ω, ξ)− L(ε, ω, ξ))dQm
=
∫
M0×cM
(∫
fM
p˜(ε+ τ, x, y)(ξ(y) − ξ(x))dy
)
dm(x, ξ)
−
∫
M0×cM
(∫
fM
p˜(ε, x, y)(ξ(y) − ξ(x))dy
)
dm(x, ξ)
=
∫
M0×cM
(∫
fM
p˜(τ, x, z)(ϕε(z, ξ)− ϕε(x, ξ))dz
)
dm(x, ξ),
where
ϕε(x, ξ) :=
∫
fM
p˜(ε, x, y)ξ(y)dy.
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Observe that, since the manifold M˜ has bounded Ricci curvature, for any s > 0
there is a constantC(s) such that, for all x, y ∈ M˜ , p˜(s, x, y) ≤ Ce−(d(x,y)/C)2([CLY]).
This shows that the function ϕε is well defined and that we can separate in the
above computation the integrals of ξ(y) and ξ(x).
For all ε > 0, the function ϕε is smooth and satisfies:
ϕε(gx, gξ) = ϕε(x, ξ)− ξ(g−1x0).
The inner integral is∫
fM
p˜(τ, x, z)(ϕε(z, ξ)− ϕε(x, ξ))dz =
=
∫
fM
∫ τ
0
∂
∂s
p˜(s, x, z)(ϕε(z, ξ)− ϕε(x, ξ))dsdz
=
∫
fM
∫ τ
0
∆z p˜(s, x, z)(ϕε(z, ξ)− ϕε(x, ξ))dsdz
=
∫ τ
0
∫
fM
p˜(s, x, z)∆zϕε(z, ξ)dsdz.
The function ∆zϕε(z, ξ) = divz∇zϕε(z, ξ) is G-invariant and as before, we have,
for all s > 0,∫
M0×cM
(∫
fM
p˜(s, x, z)∆zϕε(z, ξ)dz
)
dm(x, ξ) =
∫
divW∇Wϕε(y, ξ)dm(y, ξ).
Using equation (2), the latter integral is − ∫ 〈∇Wϕε,∇W ln kξ〉dm, so that
ℓ(m) = −
∫
〈∇Wϕε,∇W ln kξ〉dm.
Fix ξ. As ε → 0, the functions ϕε(x, ξ) are uniformly Lipschitz and converge
towards ξ uniformly on compact sets. Their gradients, seen as their weak gradients,
converge in L∞loc towards the gradient Zξ of the limit ([EG], Theorem 4.2.3). This
proves the formula in Proposition 3.2, namely:
ℓ(m) = −
∫
XM
〈Zξ,∇W ln kξ〉dm.
Proposition 3.2 was proven by Kaimanovich ([K1]) with the additional hypoth-
esis that the horofunctions are of class C2. In the above proof, we can, in that
case, take directly ε = 0. Recall that the horofunctions are of class C2 when M has
nonpositive sectional curvature and M˜ is the universal cover of M ([HI]).
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